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In this article, we present a novel idea for entanglement purification with joint measurements, the
joint entanglement purification protocol(joint-EPP). In some quantum communication tasks using
entangled pairs, one party holds the whole entangled pairs at the final stage, he or she is able to
perform joint measurements on the pairs. In this situation the proposed joint-EPP can improve the
entanglement purification by allowing a higher tolerated error rate, faster convergence which uses
less steps to achieve a high fidelity, and higher production rate which produces more number of
good entangled pairs from a given number of bad entangled pairs. We have established the general
correspondence between linear classical codes and the joint-EPP. It has been shown that the joint-
EPP can correct errors as long as the error threshod is no larger than 0.5. The joint-EPP works
even for fidelity less than 0.5 as long as it is larger than 0.25. We give several concrete examples,
definitions and applications of the joint-EPP.
PACS numbers: 03.67.Hk,03.65.Ud,03.67.Dd,03.67.-a
I. INTRODUCTION
Quantum communication emerges as an important technology in communication. Its key advantage lies in the
unconditional security benefited from the principles of quantum mechanics. As is well-known however, quantum
system is more likely to be affected by environment than classical system, thus leads to phenomena such as decoherence.
Thus, how to efficiently build reliable quantum communication through noisy quantum channels is one of the primary
tasks for scientists. Entanglement purification protocol(EPP) is such a technique aiming towards this goal[1, 2].
Various kinds of EPP, for example, EPP with one-way classical communications and EPP with two-way classical
communications, and their applications have been carried out[3]. Moreover, the relationship between EPP and
quantum error correction codes is discovered and used in the proof of the unconditional security of quantum key
distribution protocols[4, 5, 6, 7, 8, 9, 10].














When qubits of the Einstein-Podolsky-Rosen(EPR) pairs are transmitted through a noisy quantum channel between
the communication parties such as Alice and Bob, the errors brought about by the noise lower the fidelity of the EPR
pairs. In particular, there are three kinds of errors, namely, bit-flip errors, phase-flip errors and both bit-flip and

















on the qubits respectively. The central purpose of EPP is to produce high fidelity pairs from such low fidelity pairs
by sacrificing a number of them. Previous work has proved that if the fidelity of the corrupted EPR pairs is higher
than 0.5, EPP with two-way classical communication can successfully purify the state and obtain pairs with fidelity
close to unity[1, 2].
We propose a novel kind of EPP with joint measurements (joint-EPP) such as Bell measurements. Supposed that
in the final stage of the protocol, one of the communication parties hold both halves of EPR pairs, he or she can then
2easily apply Bell measurements to measure error syndromes without classically informing the other party. Clearly, less
classical communication is required. In addition, as we will show shortly, this allows us to improve the entanglement
purification than is available with existing entanglement protocols. One improvements of our proposed joint-EPP
is that it does not need any classical communication between the two parties in EPP and all error corrections and
privacy amplifications are done only by one party. In this paper we will demonstrate that the protocol is not only more
efficient and productive than those with classical communications, but also able to purify more corrupted states, i.e.
as long as the fidelity of a depolarizing channel is greater than 25%, much lower than the previous results[1, 2]. Then
we show that the results can directly apply to the quantum dense coding protocol[11] and improve its performance.
In this paper, we first give two example joint-EPPs: the [[6, 2, 1]] joint-EPP in section II and the concatenated
[[6,2,1]] joint-EPP in section III. Then we give a general theory of joint-EPP in section IV, and elaborate on its
properties. In addition, we give further theoretical and numerical analysis of joint-EPP and compare its performance
with EPP with classical communications in section V. Finally we apply joint-EPP to the quantum dense coding
protocol in section VI.
II. SIMPLE EXAMPLE OF THE EPP WITH JOINT MEASUREMENTS
In this section, we give a concrete and simple example of the joint-EPP. Firstly we present the framework of a type
of quantum communications in which the novel EPP performs well. Then we give an example with [[6,2,1]] joint-EPP,
which encodes 2 bit information into 3 EPR pairs and protects the state against at most one bit-flip and one phase-flip
errors with some restrictions.
Reviewing the quantum communication framework in the traditional EPP[1, 2], we can find that in the final stage,
the two parts of the entanglement pairs are distributed between Alice and Bob. For example, Alice prepares an EPR
pair and sends the second qubit of the pair to Bob. Because the two parts are separated, Alice and Bob have no way
other than to perform quantum operations and measurements only on their own local parts respectively. Although
they can compare their measurement results through classical channels, such type of local operations and classical
communications(LOCC) has the limit that significantly bounds their information about the quantum states. For
example, if there are an unknown EPR pair whose two qubits stay in Alice and Bob respectively and the state of
these two qubits is one of the four Bell states, Alice and Bob can not identify the state exactly only with LOCC.
They can both measure their local qubits in the Z-basis and compare their results. In this way, they know that the
state belongs to either the set of |Φ+〉, |Φ−〉 if their measured results are the same or the set of |Ψ+〉, |Ψ−〉 if their
measured results are opposite. If they both measure their local qubits in the X-basis and compare their results, they
can only know the state belongs to either the set of |Φ+〉, |Ψ+〉 or the set of |Φ−〉, |Ψ−〉. However, there is no way
that Alice and Bob can know the exact Bell state of such two-qubit system. Therefore, it shows that the capacity of
the traditional EPP is largely bounded by LOCC.
However, there exists a different type of quantum communication. It can be, in some extent, viewed as the reverse
process of the traditional one. The main feature of such quantum communications is that in the final stage, all parts
of the entangled pairs stay in only one communication party. For example, after the two qubits of an EPR pair are
distributed between Alice and Bob, Alice uses the local operations on her own local qubit to encode the information
into the EPR pair and then sends it to Bob. Thus finally Bob holds both qubits of the EPR pair. Such scenario is
a basic ingredient in many quantum communication protocols, for instance, the quantum dense coding[11] and the
quantum Ping-Pong and two-step key distribution protocols[12, 13, 14, 15, 16, 17]. This important feature gives
Bob the opportunities to use the joint operations and measurements. It is widely known that when Bob holds both
qubits of an EPR pair, he can identify the exact state of the EPR pair by a Bell measurement, which is a typical
joint measurements. Compared with the LOCC, the joint operations and measurements can reveal more information
about the entangled states. Thus in such quantum communication protocols, introducing the joint operations and
measurements will probably provide more capacity in the error corrections and we will show that it is indeed the case
in the following.
Following the above idea, we build a new type of EPP – the joint-EPP based on the Bell measurements. The Bell
measurements can successfully distinguish the four different Bell states. Bell measurements on a single EPR pair can
be described as measuring its X1X2 and Z1Z2 and each measurement has two different outcomes. The combined 4
measurement results tell us about the state of the EPR pairs(as shown in TableI).
We now present a simple example of the joint-EPP. We use Bell-state pairs, instead of qubits, as the logical qubits.
In the simplest classical error correcting code – the [3,1] error correcting code which encodes 1 bit information into 3
physical bits and protects 1 single bit-flip error in any of the 3 physical bits, the logical 0 and 1 is encoded into 000






Generally, any logical state can be represented as






In the definition of the logical states, we encode the four logical Bell states in the left side of Eq.(3) with 3 physical
Bell states given in the right side of Eq.(3) which contain 6 physical qubits with the subscripts from 1 to 6. Thus, we
equivalently encode 2 logical qubit into 6 physical qubits and name such type of joint-EPP as the [[6,2]] joint-EPP.
Then we analyze the error model of the [[6,2]] joint-EPP and present its correction process. Note that in the
quantum communications which distribute entangled EPR pairs, only one half of the EPR pairs are transmitted
through the quantum channel. So we make an assumption that only the transmitted half of the EPR pairs may error
during the quantum communication. This assumption is viable because the half that stay in Alice can be stored in
some quantum storages with significantly low error rates compared to the quantum channels. Thus in our quantum
communication scheme with the [[6,2]] joint-EPP, initially in each logical EPR pair, the 1st, 3rd and 5th physical
qubits are in Alice’s hands while the 2nd, 4th and 6th physical qubits are in Bob’s. Then after the encoding operation,
Bob sends his qubits to Alice through the quantum channels. Therefore, in our assumption, after the transmission,
only the 2nd, 4th and 6th physical qubits in each logical EPR pair may have error, i.e., single bit-flip or phase-flip or
both bit-flip and phase-flip error.
As in any scheme of quantum error corrections, we should measure some operators to get error syndromes in order
to detect the error patterns. For the definition of Eq.(3) is induced by the classical [3, 1] error correcting code, we
can find the error syndromes in a similar way. In the classical [3, 1] error correcting code, the error syndromes are






where the measurements act on the encoded state. We call the results of these 4 measurements as error syndromes
which represent the error pattern of the EPR pairs. All error syndromes together with the error patterns and correcting
operations are shown in Table II. From the table we can find that these measurement are capable of detecting all
errors in our example model of joint-EPP which is at most a single bit-flip and/or a single phase-flip on the second
halves of EPR pairs. According to the stabilizer coding theory[18], we have constructed an error detection circuit of
the [[6,2]] joint-EPP as Fig.(1). In Fig.(1), we use four ancillary qubits which are initially at |0〉 state to measure
the error syndromes Z1Z2Z3Z4, X1X2X3X4, Z3Z4Z5Z6 and X3X4X5X6 of the input 6 qubits. According to the
measurements results of the four test qubits, we can select proper operations to transform the corrupted states to
the correct ones. In conclusion, this kind of joint-EPP can successfully correct at most one bit-flip and one phase-flip
errors occurring at the second halves of the 3 physical EPR pairs of each logical EPR pair and we name it as the
[[6,2,1]] joint-EPP.
Furthermore, we define the logical operations of the [[6,2,1]] joint-EPP which enable Bob to encode the information




































FIG. 1: Error detection quantum circuit of [[6,2,1]] joint-EPP. The first four ancillary qubits of initial |0〉 states are used to
measure error syndromes X1X2X3X4, X3X4X5X6, Z1Z2Z3Z4 and Z3Z4Z5Z6 respectively. The next six input qubits represent
the input 3 EPR pairs.
The subscripts 1¯ and 2¯ in the left of the equations indicates which logical qubits in Eq.(3) the logical operators act
on. These logical operations are able to transform one encoded state into another encoded state, as shown in Table
III. In all, we have successfully constructed an [[6,2,1]] joint-EPP, which encodes 2 bit information and are capable
of correcting at most a single bit-flip and a single phase-flip errors on the second halves of the physical EPR pairs.
III. CONCATENATING THE [[6,2,1]] JOINT-EPP
In this section, we extend the [[6,2,1]] joint-EPP into longer joint-EPP by concatenating it several rounds. The
concatenated [[6,2,1]] joint-EPP can thus be used to encode longer EPR sequences. Then we analyze the error
threshold of the concatenated [[6,2,1]] joint-EPP.
The concatenating steps are described as the following: in the first round, Bob, the final receiver, divides the final
raw code EPR sequence into groups, each with 3 consecutive EPR pairs. In each group, Bob applies the [[6,2,1]]
joint-EPP on the 3 EPR pairs. If the error correction of a group is successful, Bob obtains a correct logical EPR pair;
otherwise he gets an error logical EPR pair. This logical EPR sequence will be the building blocks for constructing
logical EPR pairs for the next round. Therefore, after applying the [[6,2,1]] joint-EPP on all groups, Bob gets a logical
EPR sequence with 1/3 original length consisting the logical states of the [[6,2,1]] joint-EPP on all groups. If the raw
error rate is low enough, after the first round, the error rate of the resulting logical EPR sequence will decrease.
In the second round, Bob divides the logical EPR sequence from the first round into groups each with 3 consecutive






Then he applies the [[6,2,1]] joint-EPP on each group and obtains the correct results as another logical EPR sequence
in the same way as in the first round. Bob repeats this procedure for several rounds. For the error rate is reduced in
each round, Bob will finally reach a very low error rate. When he obtains the required accuracy, he finishes the error
correcting procedure. A summary of the process of concatenating [[6,2,1]] joint-EPP is illustrated in Fig.(2).
Now we analyze the asymptotic error threshold of the concatenated [[6,2,1]] joint-EPP with nearly infinitely long
initial raw physical EPR pairs. First we assume that a quantum channel with the bit-flip and phase-flip error
probabilities which are both lower than q0 in the beginning. After the k-th round of the joint-EPP, the bit-flip and
phase-flip error rates becomes lower than qk. Note that, the error rate q is defined as q =
t
n
, where t is the number of
the bit-flip errors or the phase-flip errors and n is the number of the physical qubits that are transmitted through the



















FIG. 2: The process of concatenating [[6,2,1]] joint-EPP
EPR pair is transmitted through the quantum channel and subject to error; so the error rate q also corresponds to
the error rate of the physical EPR pairs. Thus the condition of the success of the concatenated [[6,2,1]] joint-EPP is
that the error rate of qk should be less than qk−1 for each round. Considering the k-th round, if there is not more than
one error out of the 3 EPR pairs in each group, the [[6,2,1]] joint-EPP can be successful in that group. Therefore, the
total error rate of the outcome logical EPR pair from 3 EPR pairs after the round is
qk = 1− [(1− qk−1)3 + 3(1− qk−1)2qk−1]
= (3− 2qk−1)q2k−1
(8)
The condition of the success of the concatenated [[6,2,1]] joint-EPP requires that qk < qk−1. Substituting Eq.(8) into
the inequality, we get
qk−1 < 0.5. (9)
The result means that if qk−1 < 0.5, the k-th round will actually reduce the error rate of the EPR sequence. Therefore,
if the initial error rate, namely, q0 is lower than 50%, all rounds in the joint-EPP will successfully reduce the error
rates.
To show explicitly that the error rate in concatenating [[6,2,1] joint-EPP indeed converges to 0, we can find from
Eq.(8) that for any 0 < qk−1 < 1,
qk = (3− 2qk−1)q2k−1
= 3q2k−1 − 2q3k−1
< 3q2k−1.
(10)





Because we begin with q0 < 0.5, we get
√
3q0 < 1 and the error rate decreases exponentially with k. As a result,
if Bob selects a proper parameter k according to q0, he will obtain a total error rate of nearly 0, and the error
correction is successful. The result of the capacity of the concatenated [[6,2,1]] joint-EPP matches the capacity of
the EPP with two-way classical communications[2]. In EPP with classical communications, the best results of the
upper bounds of the tolerable bit error rate is 12.7% for the EPP with one-way classical communications[6] and 27.6%
for the Calderbank-Shor-Steane-Type EPP with two-way classical communications[8]. However, our new joint-EPP
can tolerate the bit error rate up to 50%, which is much higher than these two EPP with classical communications.
Furthermore, in section V, we will show other interesting advantages of joint-EPP.
IV. GENERAL FORMALISM OF JOINT-EPP
In this section, with the idea of the [[6,2,1]] joint-EPP and the concatenated [[6,2,1]] joint-EPP in section II and
III, we derive a general framework of our novel joint-EPP. To achieve this, we establish a correspondence between the
classical linear codes and the joint-EPP. We then present the logical states, the measurements of the error syndromes
and the logical operations of the joint-EPP from the correspondence to the classical linear codes. Finally, a bound of
the joint-EPP is derived from the classical Gilbert-Vashamov bound[21] and a numerical result of the error-tolerating
capacity of the joint-EPP is presented.
In section II, we make use of the classical [3,1,1] code to construct the [[6,2,1]] joint-EPP. This leads us to investigate
more general classical linear codes and find its correspondence to the generalized joint-EPP. Suppose there are an
6[n, k, t] classical linear code which encodes k bits into n bits and protects the state against at most t bit-flip errors, we
can define an [[2n, 2k, t]] joint-EPP which can encode 2k bits information into n EPR pairs (2n qubits) and protect
at most t bit-flip errors and t phase-flip errors on the second half of the EPR pairs.
Note that we use the same error model as that in section II. For in our quantum communications, there are always
two halves of the entangled pairs: one half stay in Alice’s hands throughout the whole process of the communications,
which can be stored in some quantum storage with very low errors and successfully protected by some existing codes
such as the Calderbank-Shor-Steane codes[19, 20]; the other half are transferred from Bob to Alice through the noisy
quantum channels, which will introduce much higher errors. The existing error correcting codes may fail due to such
high errors; however, our new joint-EPP can protect the half of the EPR pairs transmitted through the quantum
channels in this situation. We will show in the following text that they can tolerate much higher error rates than
existing codes. Consequently, we assume that in our joint-EPP, the errors can only happen in the second half of the
EPR pairs.




Zcli2 · · ·Zclil (12)
in the stabilizer of the classical code (here to avoid confusion, we use the superscript of “cl” to indicate the classical
operators), we define 2 error syndromes of the joint-EPP measured by
gz,i = (Z2i1−1Z2i1)(Z2i2−1Z2i2) · · · (Z2il−1Z2il),
gx,i = (X2i1−1X2i1)(X2i2−1X2i2) · · · (X2il−1X2il)
(13)
respectively. The subscript ij for ∀j = 1, 2, · · · , l means the operation is on the ij-th EPR pair, and the index of
qubits of the ij-th EPR pair are 2ij−1 and 2ij. Moreover, all i, i1, i2, · · · , il are of the same values as those in Eq.(12)
because of the correspondence between the classical codes and the joint-EPP. All error syndromes measured by the
Z-type operators gz,i completely give us the bit-flip error patterns, and all error syndromes measured by the X-type
operators gx,i completely give us the phase-flip error patterns. Thus we can apply corresponding operations to correct
the bit-flip and phase-flip errors. Furthermore, similar to the [[6,2,1]] joint-EPP, we can create quantum circuit of
error detection of [[2n, 2k]] joint-EPP by following stabilizer theory[18]. For the classical stabilizers in Eq.(12) are
capable of discriminating any error which is caused by no more than t flipped bits, the stabilizers of the generalized
joint-EPP in Eq.(13) can successfully reveal any combination of at most t bit-flip and at most t phase-flip errors
occurring on the second halves of the physical EPR pairs. Therefore, with the sufficient information of the error
pattern, we can completely correct the corrupted states; the joint-EPP is called [[2n, 2k, t]] joint-EPP.
After defining the error syndromes, the logical encoded states can be easily worked out. However, there is another
simple way: firstly, any logical state can be represented as
|a1a2; a3a4; · · · ; a2k−1a2k〉 (14)
in terms of ai = 0, 1, for ∀i = 1, 2, · · · , 2k. The representation of the logical state is divided into k groups. In each






In order to transform between the logical encoded states, we remember that in the classical codes, the logical state
are transformed by the combination of several logical bit-flip operators. The logical bit-flip operators of the classical




Xcli2 · · ·Xclil , (16)
for any i = 1, 2, · · · , k. Each operator can flip the corresponding logical bit, namely,
X¯cli 0i = 1i,
X¯cli 1i = 0i.
(17)
7As a result, with the correspondence between the classical linear codes and the joint-EPP, we define the logical
operators for the joint-EPP as,
X¯2i−1 = X2i1X2i2 · · ·X2il ,
Z¯2i−1 = (Z2i1−1Z2i1)(Z2i2−1Z2i2) · · · (Z2il−1Z2il),
X¯2i = Z2i1−1Z2i2−1 · · ·Z2il−1,
Z¯2i = (X2i1−1X2i)(X2i2−1X2i2) · · · (X2il−1X2il).
(18)
Again we require that the subscripts i, i1, i2, · · · , il are of the same values to those in Eq.(16). These logical operators










Furthermore, in the classical codes, traditionally, it always holds that
00 · · ·0︸ ︷︷ ︸
k
= 00 · · · 0︸ ︷︷ ︸
n
(20)
and any logical states can be created by the combination of several logical bit-flip operators acting on such logical
zero state. Therefore, we begin with the logical zero state of the joint-EPP as
| 00; 00; · · · ; 00︸ ︷︷ ︸
k
〉 = |Φ+〉12|Φ+〉34 · · · |Φ+〉2n−1,2n. (21)
(note that the right side of the equation is the state of the physical qubits), and employ the combination of the logical
operators in Eq.(18) to create any desired encoded states of the [[2n, 2k]] joint-EPP. In this way, we have worked out
both the logical states and the logical operations of the generalized joint-EPP.
In the end of this section, we estimate the asymptotic tolerable error rate of the generalized joint-EPP. Intuitively,
from the correspondence between the classical linear codes and the generalized joint-EPP, we can say that joint-EPP
can tolerate the error rate no less than that of classical linear codes in classical situations when the physical resources










) > 0, (23)
there exists a good [n, k, t] classical linear code to correct at most t bit-flip errors[19, 21]. When finding such [n, k, t]
classical code, we can then work out a corresponding [[2n, 2k, 2t]] joint-EPP, which are able to correct at most t bit-flip
and t phase-flip errors on the second halves of the EPR pairs. The numerical result of condition is t
n
< 0.5. It means
that if there are no more than one half of the EPR pairs corrupted by the errors, there exists a joint-EPP which can
successfully correct all errors. This result is consistent with the result in section III.
To sum up the discussion of this section, we have constructed a generalized series of the joint-EPP from the
corresponding classical error correcting codes. The correspondence between our joint-EPP and the classical linear
codes guarantees our joint-EPP be able to protect quantum states from at most 50% bit error rate of the quantum
channel.
8V. BENCHMARK OF JOINT-EPP
In this section, we give further analysis of the joint-EPP. From the discussions in section III and IV, [[2n, 2k, t]]
joint-EPP can correct at most t bit-flip and t phase-flip errors. Moreover, by selecting proper joint-EPP, we are
able to correct the corrupted EPR sequences with a bit error rate up to 50%. This result shows that we can get a
better performance in entanglement purification and quantum error correction than the existing good protocols. For
instance, EPP with one-way classical communications and Calderbank-Shor-Steane-Type EPP with two-way classical
communications have tolerable bit error rate thresholds of 12.7% [6] and 26.7% [8] respectively. Furthermore, the
general EPP with two-way classical communications succeeds when the initial fidelity of the corrupted EPR sequence
is greater than 0.5 [1, 2]. In such situation, we show that it is amazing that the joint-EPP can succeed even with a
lower fidelity of 0.25.
Generally, a noisy quantum channel is defined with three parameters (pX , pY , pZ) which fully characterize the error
probabilities of each qubit. pX means the probability of only a single bit-flip error occurring at a qubit which is
transmitted through the noisy quantum channel. pZ means the probability of only a single phase-flip error and pY
the probability of both a bit-flip error and a phase-flip error. So the fidelity of the channel is F = 1− pX − pY − pZ .
If the channel is a depolarizing channel, the three probabilities are symmetric, namely, pX = pY = pZ = p, and the
fidelity is F = 1− 3p. In section IV, we showed that a [[2n, 2k, t]] joint-EPP can tolerate at most t bit-flip errors and
t phase-flip errors. Thus the success of the [[2n, 2k, t]] joint-EPP requires that
t
n
≥ pZ + pY = 2p,
t
n
≥ pX + pY = 2p.
(24)
It follows that





In asymptotic situation, because t/n < 0.5, so F > 0.25 and the correctable fidelity of joint-EPP reaches 0.25.
Further numerical analysis has verified this conclusion and shows that the joint-EPP has the further advantage of
higher efficiency and better production rate.
We benchmark numerically the performance of the joint-EPP and the general EPP with two-way classical commu-
nications. The quantum channel in the benchmark is depolarizing, i.e. the probabilities of single bit flip, single phase
flip and both bit and phase flip are identical. We select four protocols: the concatenated [[6,2,1]] joint-EPP in section
III, Bennett’s EPP, Macchiavello’s improved EPP[1] and Deutsch’s quantum privacy amplification(QPA)[2]. Table
IV gives the simulation results; the four labels of Bennett, Macchiavello, Deutsch and Joint correspond to the four
protocols respectively: Bennett’s EPP, Macchiavello’s improved EPP, Deutsch’s QPA and the concatenated [[6,2,1]]
joint-EPP. Note that we have simulated these protocols up to 7 rounds and when the fidelity is enhanced to 99% after
certain round, the simulation ends. In addition, Fig. (3) and (4) plot the simulation results; the legends are of the
same meanings as the labels in Table IV. Note that in the figures, we only plot those cases in which the fidelity can
be enhanced to 99% or greater within 7 rounds. For the results of Macchiavello’s improved EPP and Deutsch’s QPA
are very close, their points in the figures almost overlap with each other.
First we examine the situation when the initial fidelity is greater than 0.5. From Fig. (3) it is obvious that the
joint-EPP is the most efficient protocol in enhancing the fidelity. We can use the number of rounds of an EPP to
achieve a desired fidelity from a given initial fidelity as an indicator for its efficiency. From Fig. (3), the joint-EPP
takes the least number of rounds to achieve a desired fidelity of 99%. The high efficiency lies in the fact that the
joint-EPP can reveal both the bit-flip and phase-flip errors in one round through Bell measurements, while the other
3 protocols which make use of LOCC can only reveal one kind of errors in one round.
A figure of merit of an EPP is the production rate, namely the ratio of the number of purified EPR k to the number





From Fig. (4), it is apparent that the joint-EPP is very productive. In particular, tt is very productive even at a
very low initial fidelity. The high production rate is due to the fact that the joint-EPP reveals both the bit-flip and
phase-flip errors in one round through Bell measurements, and thus it drops less EPR pairs during the purification
process. Therefore, the Bell measurements guarantee the low loss of the joint-EPP.
Second, when we turn to the part with the initial fidelity lower than 0.5 in Table IV, the results substantiate that
the concatenated [[6,2,1]] joint-EPP can purify the corrupted EPR pairs and increase their fidelity provided the initial





















FIG. 3: (Color online)Benchmark of the relationship between the initial fidelity and the number of rounds an EPP takes to
increase fidelity to a value greater than or equal to 99% in a depolarizing channel. The number of rounds is averaged over 5
simulations.
fidelity is greater than 0.25. Although the joint-EPP can not increase the fidelity to greater than 99% within 7 rounds
when the initial fidelity is lower than 0.35 in the table, the joint-EPP actually increases the fidelity to higher than 0.5
after 7 rounds and it will certainly reach 99% with more rounds. Meanwhile, it is proved that the other 3 protocols
can not purify when the initial fidelity is lower than 0.5. Therefore in the table, they actually give no substantial
improvement of fidelity after 7 rounds in this situation. The improvement of the fidelity threshold of the joint-EPP is
due to the Bell measurements that creates entanglement after measurements, while the other 3 protocols are based on
LOCC which can not increase entanglement. Therefore, it shows that the joint-EPP has greater capacity for the lower
fidelity threshold. In conclusion, the theoretical analysis and numerical simulation of the joint-EPP demonstrate its
advantages of high capacity, efficiency and production rate.
VI. APPLICATION: QUANTUM DENSE CODING WITH JOINT-EPP
In this section, we present an application of our novel joint-EPP in the quantum communications: quantum dense
coding with joint-EPP. Quantum dense coding[11] is one of the most important quantum communications which uses
entanglement as a resource. We will show that combined with the joint-EPP, quantum dense coding can reliably
transfer the information through the noisy quantum channels with fidelity greater than 25%. The results of section
V also bring the advantages of high efficiency and production rate to quantum dense coding.
First we give a brief introduction of the process of the quantum dense coding through the noiseless channels.
Suppose that before the process, Alice and Bob have already shared a sequence of pure EPR pairs, each in the state
of |Φ+〉AB; in each pair, one qubit is held by Alice while the other is at the Bob’s. Alice wants to transfer some
information to Bob. She makes use of the entangled qubits to send as much as 2 bits of information with 1 qubit. To
be more specific, for each qubit on her side, she can perform one of the four possible operations: I(Identity), X, Y, Z.
With simple calculations, these operations effectively transform the initial state |Φ+〉AB into one of the four possible
Bell states: |Φ+〉AB, |Ψ+〉AB, |Ψ−〉AB, |Φ−〉AB. After encoding all information into the sequence of the qubits, she
sends them to Bob. If there is no error in the channel, after receiving the qubits from Alice, Bob obtains both halves of
10




















FIG. 4: (Color online)Relationship between the production rate of an EPP and the initial fidelity in a depolarizing quantum
channel. The production rate is the ratio of the number of final purified EPR pairs to the number of initial EPR pairs. The
value of each point is the average of 5 simulation.
the EPR pairs in different Bell states. Then he performs the Bell measurements which distinguish the four orthogonal
Bell states and retrieves the encoded information from Alice. In summary, the quantum dense coding employs 1 EPR
pairs to encode 2 bit information while only 1 qubit travels through the channel.
Moreover, the quantum dense coding is secure for the information is stored in the entanglement of the EPR pairs
rather than the individual qubits. The density matrix of the transmitted qubit is ρA = IA. So the qubit carries no
information at all. Therefore, if Eve, the eavesdropper intercepts the transmitted qubits, she still fails to decipher the
information.
Now, let us examine the quantum dense coding in the noisy situation. When the quantum channels are noisy, any
transmitted qubits may be altered by bit-flip error, phase-flip error or both of them. Therefore to protect the qubit
against error, we should introduce error correction procedure. Remembering the criteria of the suitable quantum
communications of the join-EPP, we learn that if one of the communication parties finally obtains both halves of the
EPR pairs, the joint measurements and operations can be applied and the joint-EPP is viable. Thus the process of
the quantum dense coding that Alice encodes the message into her qubits and then sends to Bob who finally holds
the whole pairs is suitable for the application of the joint-EPP.
With this idea, we transform the quantum dense coding into error-tolerating one. Normally, to use EPP or
quantum error correcting schemes, Alice and Bob should first share the initial encoding states. Then Alice encodes
the information by the logical operations and sends them to Bob. Bob receives the qubits from Alice and measures
the stabilizer to obtain the error syndromes. With the error syndromes, Bob identifies the error pattern and chooses
appropriate recovering operations. Finally he performs the logical measurements on the logical states and retrieves
the message. In a word, all the operations and measurements are changed into the logical ones. Reviewing section
IV, suppose that there are 2k bit information to be transmitted and [[2n, 2k, t]] joint-EPP is applied. The initial
encoding state is given by Eq.(21), which is equal to n physical EPR pairs each in the state of |Φ+〉. Note that the
qubits with odd index are held by Alice and those with even index are held by Bob. Then it comes to the encoding
operations, Eq.(18). At first sight, there is only one kind of logical operations, X¯2i, containing only the operations on
the physical qubits in Alice’s (the qubits with odd index). This fact means that Alice would have only two choices,
I and X¯2i to transforms one logical EPR pair. However, there are two other possible choices corresponding to each
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X¯2i = Z2i1−1Z2i2−1 · · ·Z2il−1:
U¯2i = X2i1−1X2i2−1 · · ·X2il−1,
V¯2i = Y2i1−1Y2i2−1 · · ·Y2il−1,
(27)
where the subscripts i1, i2, · · · , il are the same to those in the definition of X¯2i−1. These U¯2i and V¯2i, though do not
commute with the logical operations in Eq.(18), commute with the stabilizers in Eq.(13) and successfully transform
the initial encoded state. Particularly, X¯2i, U¯2i and V¯2i can transform the encoded state |00〉2i−1,2i = |Φ¯+〉2i−1,2i
to the states |01〉2i−1,2i = |Φ¯−〉2i−1,2i, |10〉2i−1,2i = |Ψ¯+〉2i−1,2i and |11〉2i−1,2i = |Ψ¯−〉2i−1,2i respectively, up to a
global phase. Consequently, Alice still has four choices, I, X¯2i, U¯2i, V¯2i to encode 2 bits information into 1 logical EPR
pair. After encoding the message, Alice sends all her qubits to Bob. Bob receives them and measures the stabilizers
in Eq.(13). If the bit-flip and phase-flip errors are no more than t respectively on the transmitted qubits, the
measurement results reveal the exact positions of each error and Bob chooses proper bit-flip and phase-flip operations
on those positions to recover the correct state. With the correct state, Bob performs the logical Bell measurements,
i.e., measures X¯2i−1X¯2i and Z¯2i−1Z¯2i on the i-th logical EPR pair, and fully retrieves the message of Alice.
Furthermore, in order to make use of the advantage of high capacity of joint-EPP in quantum dense coding, we
make sure that the quantum channel is a depolarizing channel. It can be done by the method of six-state quantum










These operations effectively transform the qubit into Z, X and Y basis. When Bob receives the qubits, Alice
tells her operations and then Bob uses I, T 2, T to recover all the qubits to the Z basis, corresponding to Alice’s
operations. So with this manipulation, the three kinds of error probabilities of the quantum channel is averaged,
namely pX = pY = pZ . Thus the channel becomes depolarizing. If Alice and Bob use quantum dense coding to
establish a secret key, they can further randomly permute the sequence of the EPR pairs and thus make the error
uncorrelated. In summary, the process of the quantum dense coding with joint-EPP is presented as following:
Protocol: Quantum dense coding with joint-EPP
1. Alice and Bob first share a large collection of EPR pairs, each in the state of |Φ+〉.
2. Alice wants to transmit 2k bit message. She and Bob agree on a [[2n, 2k, t]] joint-EPP which fully protect the
qubits from the errors of the channel.
3. Alice and Bob make use of the shared n EPR pairs from the initial prepared collection. The initial state is
described as the logical state of | 00 · · · 0︸ ︷︷ ︸
2k
〉, where the odd qubits are held by Alice and the even ones are held by
Bob.
4. Then Alice encodes the message into the EPR pairs. For the i-th logical pair |00〉2i−1,2i, according to the
corresponding 2 bit values of the message, Alice chooses one of the four operations, I, X¯2i, U¯2i, V¯2i to transform
the pair into one of the four states, |00〉2i−1,2i, |01〉2i−1,2i, |10〉2i−1,2i, |11〉2i−1,2i.
5. Alice randomly apply I, T, T 2 operations to all n qubits on her side, then sends them to Bob through the noisy
quantum channels.
6. Bob receives the qubits and then there are total 2n qubits on his side.
7. Alice tells Bob her choices of I, T, T 2 operations. Accordingly Bob applies I, T 2, T to the received qubits, in
order to reverse Alice’s operations. If they are conducting key distribution in this protocol, they can also random
permute the sequence of the EPR pairs and publicly notify each other.
8. Bob measures the stabilizers of Eq.(13) of the [[2n, 2k, t]] joint-EPP on the corrupt state. With the measurement
results as the error syndrome, he knows the positions of the errors and applies proper recovering operations to
obtain the correct state.
9. Bob performs the logical Bell measurements on each logical EPR pair and retrieve the 2k bit message.
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In conclusion, we present a protocol of the quantum dense coding with joint-EPP as an application of the joint-EPP.
Combined with the discussion of section III, IV and V, the protocol can survive from the noisy quantum channel
with fidelity up to 25% and transmit the message with high fidelity. This result emphasizes the important role of the
quantum dense coding in the quantum communication which fully exploits the capacity of the quantum correlations
and entanglements. It transmits 2 bit message while only 1 logical qubit is needed to be sent. In some sense, it
has twice capacity as much as that of the classical communication. Moreover, from the discussion in this paper, the
quantum dense coding with joint-EPP is more efficient and productive because of the use of the joint operations and
measurement in quantum error correction.
VII. CONCLUSION
In this paper, we first present and discuss a novel type of entanglement purification protocols. We consider a
kind of quantum communication where instead of distributing the entangled pairs, Bob finally receive both qubits
of the entangled pairs. Thus the feasibility of joint measurements and operations in error correction enlightens us
to introduce them to the EPP, called joint-EPP. Therefore, in section II, similarly to the classical [3,1] linear code,
we pair up 3 EPR pairs to form a [[6,2,1]] joint-EPP. Then we concatenate the [[6,2,1]] joint-EPP in section III in
order to encode longer codes. In section IV, we derive an generalized [[2n, 2k, t]] joint-EPP which covers a large
series of the joint-EPP. Consequently we establish the framework of the novel joint-EPP. In section V, we analyze
both theoretically and numerically the performance of the joint-EPP. The simulation results demonstrate that the
joint-EPP corrects errors with more capacity, efficiency and production rate. It is an important result that it can
successfully purify the corrupted EPR pairs in a depolarizing channel with fidelity greater than 25%, due to the effect
of Bell measurements which creates entanglement after measurements. In section VI, we give an application of the
joint-EPP in the quantum dense coding and show that the dense coding can be conducted with much higher capacity
and efficiency.
Recently, some other proposals on entanglement-assisted quantum error correcting codes have been discussed[22, 23].
They follow the same idea to make use of entanglement to construct quantum codes. But such codes are partial
entanglement-assisted while our joint-EPP provides quantum coding from only entanglement. In addition, we present
a physical picture of the joint-EPP and thorough analysis of its capacity, efficiency and production rate.
Throughout these sections, two main ideas play an important role. The first one is the joint measurements and
operations based on the quantum entanglements and correlations. The second one is the correspondence between the
joint-EPP and the classical linear codes. In the joint-EPP, we effectively treat the EPR pairs as the basic elements
with four different values, |00〉, |01〉, |10〉 and |11〉, which play the same role of the bits in the classical codes. The
errors on only one part of each pair causes its value changes rather than the phase changes, similar to the classical
situation. With such correspondence to the classical linear codes, we easily find the elements of the joint-EPP, i.e.,
the stabilizers, logical states and operations. Moreover, the correspondence guarantees the same high error-tolerating
capability and efficiency of the joint-EPP to that of the classical codes, which is the most intriguing result of the
discussion.
There are also some advantages in the physical implementation of the joint-EPP. First, the high capacity and
efficiency guarantee much lower resource usage than other EPP, especially the entanglement pairs which is still
difficult to produce. Second, the process of the joint-EPP and its application only make use of the Bell states, i.e.,
the entanglement of two qubits; even in the encoded state, it only contains groups of the physical Bell states. This
feature eases the way of the implementation of the logical states which does not require entanglements between 3 or
more qubits as other error correction schemes. The most difficult problem of the joint-EPP is the complex of the
logical operations and measurements. Theoretically the joint-EPP requires more single operations on the physical
qubits to form a logical operation than ordinary EPP. Thus it takes more steps and demands longer coherent time.
Nevertheless, the lower resource usage of the joint-EPP may in some extent relieve this problem and the development
of the experimental technique will probably overcome this problem in the future.
Moveover, the idea of the hierarchical correction of the joint-EPP is also valuable to the future implementation
of quantum communication and computation. In the joint-EPP and its application of the quantum dense coding,
one part of the state, i.e., the qubits in Bob’s hands all through the dense coding, are stored in some storage which
provide low error environment, while the other part of the state, i.e., the qubits transmitted from Alice to Bob, are
affected by much more errors in an open environment. Thus we divide these two parts into two hierarchies. In the
first hierarchy, the qubits stored in the storages with very low errors are protected by some error correction scheme,
simpler but tolerating fewer errors. In the second hierarchy, it is feasible to protect the qubits in much more noisy
environments by the joint-EPP, for in the view of this hierarchy, the errors only happen in this part of the qubits
with much higher error rate than the part handled in the first hierarchy. Such idea of hierarchical correction may
have many other promising applications in the quantum computers with devices of different error levels.
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In conclusion, we establish a series of joint-EPP and demonstrate its applications in the quantum dense coding.
The joint-EPP reveals the amazing strength of the quantum entanglements and joint operations in error correction. It
also brings forth some interesting ideas in designing error correction schemes. More deep research in the applications
of the joint-EPP in the quantum communication and computation should be carried out in the future.
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TABLE I: Results of Bell measurements





TABLE II: Error syndromes of [[6,2,1]] joint-EPP
X1X2X3X4 X3X4X5X6 Z1Z2Z3Z4 Z3Z4Z5Z6 Corresponding error Correcting operations
1 1 1 1 no error I(Indentity)
1 1 1 −1 bit 5 flip X5
1 1 −1 1 bit 1 flip X1
1 1 −1 −1 bit 3 flip X3
1 −1 1 1 phase 5 flip Z5
1 −1 1 −1 both bit and phase 5 flip Z5X5
1 −1 −1 1 bit 1 and phase 5 flip Z5X1
1 −1 −1 −1 bit 3 and phase 5 flip Z5X3
−1 1 1 1 phase 1 flip Z1
−1 1 1 −1 bit 5 and phase 1 flip Z1X5
−1 1 −1 1 both bit and phase 1 flip Z1X1
−1 1 −1 −1 bit 3 and phase 1 flip Z1X3
−1 −1 1 1 phase 3 flip Z3
1 −1 1 −1 bit 5 and phase 3 flip Z3X5
−1 −1 −1 1 bit 1 and phase 3 flip Z3X1
−1 −1 −1 −1 both bit and phase 3 flip Z3X3
TABLE III: Transform between encoded states
X¯1¯ Z¯1¯ X¯2¯ Z¯2¯
|00〉 |10〉 |00〉 |01〉 |00〉
|01〉 |11〉 |01〉 |00〉 −|01〉
|10〉 |00〉 −|10〉 |11〉 |10〉
|11〉 |01〉 −|11〉 |10〉 −|11〉
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TABLE IV: Simulation results of different EPP in a depolarizing quantum channel. F is fidelity and θ is production rate when
the final fidelity reaches 99%. The values of the results in each rows are averaged over 5 simulations.
Bennett Macchiavello Deutsch Joint
Initial F Round Final F θ Round Final F θ Round Final F θ Round Final F θ
0.250 7 0.239 – 7 0.241 – 7 0.262 – 7 0.246 –
0.275 7 0.241 – 7 0.238 – 7 0.253 – 7 0.587 –
0.300 7 0.244 – 7 0.244 – 7 0.250 – 7 0.851 –
0.325 7 0.272 – 7 0.274 – 7 0.237 – 7 0.968 –
0.350 7 0.253 – 7 0.245 – 7 0.229 – 7 0.994 0.0005
0.375 7 0.268 – 7 0.252 – 7 0.263 – 7 0.999 0.0005
0.400 7 0.285 – 7 0.237 – 7 0.247 – 6 0.996 0.0014
0.425 7 0.318 – 7 0.266 – 7 0.244 – 6 0.999 0.0014
0.450 7 0.354 – 7 0.259 – 7 0.288 – 5.8 0.998 0.0019
0.475 7 0.415 – 7 0.343 – 7 0.340 – 5 0.996 0.0041
0.500 7 0.498 – 7 0.512 – 7 0.488 – 5 0.999 0.0041
0.525 7 0.584 – 7 0.765 – 7 0.780 – 5 0.999 0.0041
0.550 7 0.675 – 7 0.933 – 7 0.935 – 4 0.991 0.0123
0.575 7 0.750 – 7 0.984 – 7 0.984 – 4 0.996 0.0123
0.600 7 0.811 – 7 0.996 0.0008 7 0.996 0.0008 4 0.998 0.0123
0.625 7 0.860 – 6 0.993 0.0022 6 0.993 0.0022 4 0.999 0.0123
0.650 7 0.890 – 6 0.997 0.0029 6 0.998 0.0029 4 1.000 0.0123
0.675 7 0.921 – 5 0.993 0.0074 5 0.993 0.0073 3 0.991 0.0370
0.700 7 0.936 – 5 0.997 0.0089 5 0.997 0.0089 3 0.995 0.0370
0.725 7 0.948 – 5 0.999 0.0105 5 0.999 0.0105 3 0.997 0.0370
0.750 7 0.958 – 4.8 0.998 0.0147 4.6 0.996 0.0172 3 0.999 0.0370
0.775 7 0.968 – 4 0.994 0.0281 4 0.994 0.0281 3 0.999 0.0370
0.800 7 0.976 – 4 0.997 0.0316 4 0.997 0.0316 3 1.000 0.0370
0.825 7 0.981 – 3 0.993 0.0712 3 0.993 0.0712 2 0.992 0.1111
0.850 7 0.985 – 3 0.996 0.0782 3 0.996 0.0782 2 0.996 0.1111
0.875 7 0.989 – 3 0.998 0.0854 3 0.998 0.0854 2 0.998 0.1111
0.900 7 0.992 0.0051 3 0.999 0.0929 3 0.999 0.0929 2 0.999 0.1111
0.925 6 0.992 0.0116 2 0.994 0.2037 2 0.994 0.2037 2 1.000 0.1111
0.950 5 0.992 0.0260 2 0.998 0.2183 2 0.997 0.2183 1 0.994 0.3333
0.975 3 0.992 0.1164 2 0.999 0.2337 2 0.999 0.2337 1 0.999 0.3333
